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Abstract 

The paper is devoted to the study of mappings with non-bounded characteristics 
of quasiconformality. We investigate the interconnection between the classes of the 
U; so-called ring Q-mappings and lower ring Q-mappings. It is proved that open discrete 

, lower ring Q-mappings are ring Q n_ ^mappings at fixed point. As consequence we 

obtain the equicontinuity of the class of the open discrete Orlicz-Sobolev mappings 
with finite distortion at n > 3. 
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1 Introduction 

CO ' 

o 

Everywhere below, D is a domain in R™, n > 2, m be a measure of Lebesgue in R n , and 
dist (A, B) is the Euclidean distance between the sets A and B in R n . The notation / : D — > 
R n assumes that / is continuous. In what follows, 

Si B(x ,r) = {x e M" : \x -x \ < r} , B n := 5(0, 1) , 

S(x , r) = {x G R n : \x - x \ = r} , S"" 1 := S(0, 1) , 

(jUn-i denotes the square of the unit sphere S n_1 in R™, Q n is a volume of the unit ball B n in 
]R n . Recall that a mapping / : D — > W 1 is called open if the image of every open set in Q is 
an open set in IR n . A mapping / : D — > W 1 is said to be a discrete if the preimage f~ l (y) of 
every point y e R n consists of isolated points. 

Following Orlicz, given a convex increasing function (f : R + — > R + , (p(0) = 0, denote by 
L v the space of all functions / : D — > R such that 

tp dm(x) < oo 



D 



X 

for some A > 0. The space is called the Orlicz space. If ip(t) = t p , then we write LP . 



1 



EQUICONTINUITY.. 



2 



The Orlicz-Sobolev class W^(D) is the class of all locally integrable functions / given 
in D with the first distributional derivatives whose gradient V/ belongs locally in D to the 
Orlicz class. Note that by definition W lt ^ C W lt ^ c . As usual, we write / G if ip(t) = t p , 
p > 1. 

Later on, we also write / G W / lo ' ( T for a locally integrable vector-function / = . . . , f m ) 
of n real variables x%, . . . , x n if /» G W lo ' c and 

<^ (| V/(x) I) dm(x) < oo 



where |V/(a;)| = y 5^ (l^) ' ^°^ e ^ n P a P er we use ^^e notation for more 

general functions if than in the classical Orlicz classes giving up the condition on convexity 
and normalization of (p. 

Let lo be an open set in M fc , k = 1, . . . , n — 1. A (continuous) mapping S : w — )■ M n is 
called a A;-dimensional surface 5 in R™. Sometimes we call the image S(u>) C M. n the surface 
S, too. The number of preimages 

N(S,y) = card S" 1 ^) = card{x G w : S(x) =y}, y G R n 

is said to be a multiplicity function of the surface S. In other words, iV(S', y) denotes the 
multiplicity of covering of the point y by the surface S. 

Recall that a /c-dimensional Hausdorff area in R™ (or simply area) associated with a surface 
S : oo — > R n is given by 

A s (B) = A k s (B) := J N(S,y) dH k y 

B 

for every Borel set B C R n and, more generally, for an arbitrary set that is measurable with 
respect to H k in R", cf. 3.2.1 in [TJ. 

If p : R n — > R + is a Borel function, then its integral over S is defined by the equality 

J pdA:= J p(y)N(S,y)dH k y. 

S R™ 

Given a family T of /c-dimensional surfaces S, a Borel function p : R" — > R+ is called 
admissible for T, abbr. p G admT, if 

p fc rf^>l (1.1) 



s 



for every 5 G T. Given p G (0, oo), the p-modulus of T is the quantity 



M P (T) = inf / pP(x) dm(x) 

pGadm T 
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We also set 

M(r) = M n (T) 

and call the quantity M(T) the modulus of the family V. The modulus is itself an outer 
measure in the space of all /c-dimensional surfaces. 

We say that a Lebesgue measurable function p : R n — > R+ is p- extensively admissible for 
a family T of fc-dimensional surfaces S in R n , abbr. p £ ext^adrnT, if 

J p k dA>l 

s 

for p-a.e. S 1 £ T. The p-extensive modulus M p (T) of T is the quantity 

where the infimum is taken over all p £ ext p admr. In the case p = n, we use the notations 
M(r) and p £ ext admT, respectively. For every p £ (0, oo), k = 1, . . . , n — 1, and every 
family T of /c-dimensional surfaces in M n , 

M p (r) = M p (r) . 

The following concept is motivated by Gehring's ring definition of quasiconformality in 
[2], see [31 section 9]. Given domains D and D' in W = R n U {oo}, n > 2, x eD \ {oo}, 
and a measurable function Q : D — > (0, oo), they say that a mapping / : D — > D' is a lower 
Q -mapping at the point Xq if 

M(/(S £ ))> inf / Cpr dm{x) 

pecxtadmS £ J Q{X) 

DnR e 

for every ring 

R £ = {x £ R" ' : e < \x — x \ < e } , e £ (0, £ ) , £ (0, d ) , 
where c?o = sup \x — xq\, and S e denotes the family of all intersections of the spheres 

S(xo, r) = {x £ R n : \x — xq\ = r} , r £ (e, e ) , 

with This notion can be extended to the case xq = oo £ D by applying the inversion 
T with respect to the unit sphere in R n , T(x) = x/\x\ 2 , T(oo) = 0, T(0) = oo. Namely, a 
mapping / : D — )■ D' is said to be a /ower Q -mapping at oo E D \{ F = f o T is a, lower 
Q*-mapping with = Q o T at 0. 
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2 Preliminaries 



The following statement can be proved by analogy with [3] Lemma 9.1]. However, we give 
it's proof fully. 

Lemma 2.1. Let x £ D, p G [n — 1, oo) and n > 2. If a property P holds for p—a.e. 
surfaces D(xq, r) := 5(xo, r)DD, then P aiso holds for a.e. D(xq, r) with respect to parameter 
r G R. Inversely, if P holds for a.e. D(xq,t) with respect to parameter ret, then P holds 
for p—a.e. surfaces D(xo,r) := if>(:co,r) fl P. 

Proof. It is sufficiently to consider the case, when P is a bounded domain. Let us assume 
that the conclusion is not true. Then by regularity of the linear Lebesgue measure mi there 
is a Borel set Bel such that mi(P) > and P fails for D(xo,r) at a.e. r G P. If a Borel 
function p : IR n — > [0, oo] is admissible for the given family T of spheres S(xo,r) such that 
p = outside of E = {x G P : 3 r G P : |x — £o| = r}, by the Holder inequality 

p— k 

p k {x) dm(x) < I / p p {x) dm{x) I I / dm(x) 
\l J Ve 

and hence by the Fubini theorem (see (H Theorem 8.1, Ch. Ill]), 

K(p))f 



/ p k (x) dm(x) 
pP(x) dm(x) > — > 

J dm(x) 



E 

for some c > 0, i.e., M p (T) > that contradicts the hypothesis of the lemma. The first part 
of the Lemma 12.11 is proved. 

To prove the second part of the Lemma, let us denote by r the family of all intersections 
D r := D(xo,r) of the spheres S(xo,r) with P for which P does not holds. Let R denotes 
the set of all r G R with D r G IV If mi(R) = 0, then we obtain by Fubini theorem that 
m(E) = 0, where P = {x G P : \x— Xq\ = r G R}. Remark that the function pi : W 1 — > [0, oo] 
defined as oo at x G P, and as an the rest set is p-extensively admissible for r . By [31 
(9.18)], M P (T ) < f p{dm(x) = 0, thus, M P (T ) = 0. The second part of the Lemma [27TI has 

E 

been proved. □ 

The following statement is extension of the criterion for homeomorphisms in IR n to be 
lower Q-homeomorphisms, see in [3j Theorem 9.2]. 

Lemma 2.2. Let P and D' be domains in R™, n > 2, let x G P \ {oo}, and let 
Q : D — > (0, oo) be a measurable function. A mapping f : D — > D' is a lower Q-mapping at 
Xq if and only if 

/dv 
— — V£G(0,e ), £ e(0,d ), 
II Q\\n-i(r) 



EQUICONTINUITY.. 



5 



where 



i 

n-l 



( f \ 

||QlU-i(r)= J Q n -\x)dA 

\f>(a:o,r) / 

is the L n -i-norm of Q over D(xq,v) = {x G D : |a; — Xq\ = r} = D fl S , (xo, , r) 
Proof. For every p G extadm£ e , by Lemma [2.11 



D(xo,r) 

and Ap(r) is a measurable function in the parameter r, say by the Fubini theorem. Let A-£ E 
denotes the class of all Lebesgue measurable functions p : IR n — )■ IR+ with J p™ _1 cL4 = 1 

D(xo,r) 

for a.e. D(x ,r). Since v4 Se C extadm£ £ , we have 



inf / ^4<M*)< inf / 54 

pgcxt adm E e J Q[x) PGA Ee J Q(^) 

From other hand, given p G ext adm E £ we obtain 

£0 



dm(x) . 



(2.1) 



peA E£ 7 Q(x) 7 (AJr))^ J Q(x) 

DnR £ e FK " D{x ,r) 



dAdr < 



DnR £ 



p n (x) 
Q{xj 



dm(x) (2.2) 



because A p (r) > 1 for a.e. r G (0,Eq) in view of of Lemma 12.1 1 From (12. ip and (I2.2p . we 
obtain that inf J P qu1 dm{x) = inf J ^j-*) dm{x) and, consequently, 



pGext adm S £ jjqj^ 



inf [ ^rJ-r dmix) 

pGextadrnT,,; J Q(x) 

DnR E 



f*** //'/,■ <ji "' 



\ 



mf / — tU 

\ D(x ,r) ) 



dr 



where p = n/(n — 1) > 1 and I(r) denotes the set of all measurable function a on the surface 
D(x , r) = S(x , r) D D such that 



a(x) dA = 1 . 



D(xo,r) 



Hence Lemma [2.21 follows by j3j Lemma 9.2] with X = D(xo,r), the (n — l)-dimensional 
area as a measure p on D(xo,r), ip = -^\d{x ,t) and p — n/(n — 1) > 1. □ 

Let / : D — > W n be a discrete open mapping, /3 : [a, b) — > W n be a curve and a; G 
f^ 1 {(3(a)) . A curve a : [a, c) — > D is called a maximal f -lifting of /3 starting at x, if 
(1) a(a) = x ; (2) f oa — 0\[ a ,c)} (3) if c < c' < 6, then there is no curve a' : [a, c') — > £) 
such that a = ct'\[ a ,c) and / o a' = (3\[ a ,c>)- By assumption on / one implies that every 
curve /3 with x G f^ 1 (/3(a)) has a maximal /-lifting starting at the point x, see in 
Corollary II.3.3]. 
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Following in |5j section 11.10], a condenser is a pair E = (A,C) where A C M n is open 
and C is non-empty compact set contained in A. A condenser E = (A, C) is said to be in a 
domain G if A C G. For a given condenser L? = (A, C) , we set 

cap£ = cap (A, C) = inf / \Vu\ n dm(x) 

u&W {E) J 
A 

where Wq(E) = Wq(A, C) is the family of all non-negative functions u : A — » R 1 such that 
(1) u G Co (A), (2) u(x) > 1 for x G C, and (3) it is ACL. In the above formula |Viz| = 

^2 {diu) ) , and cap E is called capacity of the condenser see in [5j Section 11.10]. We 
i=i / 

need the following statement, see in [5] Proposition II. 10.2]. 

Proposition 2.1. Let E = (A, C) be a condenser in M. n and let Ye be the family of all 
curves of the form 7 : [a, b) — > A with 7(a) G C and \^f\ (1 (A \ E) ^ for every compact 
F C A. Then cap E — M (T E ) . 

We say that a mapping IR n is a rmg Q -mapping at a point xq G D if and only if 
M (/(r(5(x , n), 5(x , r 2 ), A(x , n, r 2 )))) < j Q(x) ■ V n (\x - x \) dm(x) 

A(x ,r 1 ,r 2 ) 

for every ring A(xq, r±, r^), < r± < r 2 < r = dist(xo, and for every Lebesgue 

measurable function T] : (ri, r 2 ) — >• [0, 00] such that 

n(r)dr > 1 . 
n 

In what follows (fc (r) denotes the integral average of under the sphere \x — xq\ = r, 

Qx (r) := — ^——[ j Q{x)dH-\ 

M n—1' J 

\x—xo\=r 

The following statement was proved in one of the earlier author's work, see [6] Theorem 1]. 

Lemma 2.3. Let D be a domain in R n , n > 2, and Q : D — > [0, 00] be a locally integrable 
measurable function. An open discrete mapping f : D — >■ IR n is a ring Q-mapping at a point 
Xo if and only if for every < 7*1 < r 2 < r = dist (xo, 

cap/(£)<^ 



where E be a condenser E = (B(xq, r 2 ), B(xq, ri)), o; n _i is the area of the unit sphere in 
Qx { r ) JS the average of Q(x) over the sphere \x — xq\ = r and 



I = J(n,r 2 ) = J 



dr 



[ rqSo 1 (r) 
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Let us give some important definitions, see |7j. Let G is an open, bounded, connected set 
in W 1 and Co, C±, are disjoint compact sets in the closure of G. We will let R = G\ (Co U C\) 
and R* = RUCqUCi. The conformal capacity of Co, C\ relative to the closure of G is defined 
as 



C[G,C ,Ci] =inf J \Vu\ n dm(x) 

R 



where the infimum is taken over all functions u which are continuous on R*, ACL on R, 
and assume boundary values 1 on C\ and on Co- Such functions are called admissible for 
C[G, Cq, Ci]. Sometimes we will write C for C[G, Co, Ci], We say that a set a C W 1 separates 
Co from C\ in R* if a D R is closed in i? and if there are disjoint sets A and B which are 
open in R* \ a such that R* \ o = A U B, Co C A, and C\ C B. Let X denote the class of 
all sets that separate Co from C\ in R*. For n' = n/(n — 1), we define 



M n /(S) = inf p n dm(x) (2.3) 

pSadmE J 

I" 

where p G adm E means that p is a nonnegative Borel function on IR n such that 

pdH n - l >\ VaGS. (2.4) 



Let us remark that by Ziemer result 

^(E) = C^Cq,^]- 1 /"- 1 , (2.5) 
see [71 Theorem 3.13]. Let us also remark that by Hesse result 

M{Y(E,F,D)) = C[D,E,F] (2.6) 
whenever {E D -F) D = 0, see jH Theorem 5.5]. 

3 The main Lemma 

The following Lemma is the most important statement for the following investigation. 

Lemma 3.1. Let D and D' he domains in IR n , n > 2, x G D and Q : D — > [0, oo] be 
integrable in a neighborhood of x . If f : D — > R" is an open discrete lower Q-mapping at 
Xq, then f is a ring Q*-mapping at the point Xo with Q* = Q n ~ l . 

Proof. Let xq G D, < r± < r2 < dist (a;o, dD). Without loss of generality, we can 
consider that f(xo) ^ oo. By Lemma [2.31 it is sufficient to prove that 



cap f(E) < 



r * n—l 



where E be a condenser E = (B(xq, t%), B(xq, ri)), w n _i is the area of the unit sphere in W 1 
Qx ( r ) i s ^ ne avera g e °f Q n " 1 (x) over the sphere \x— x \ = r and I* — I*(r 1 , r 2 ) = J — -^r 
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Given e G {ri,r 2 ), let us consider the ball B(xo,e). Let us set Co = df(B(xo, r 2 )), C\ = 
f(B(xQ,ri)), a = df(B(xo,e)). Since B(xq 1 T2) is a compactum in D, there exists a ball 
B(xq,R) with f(B(xo,r 2 )) C B(xq,R). Let us set G := B(xq,R). 



Since / is continuous and open, f(B(xo, 7*1)) is the compact subset of f(B(xo, e)) as well as 



f(B(xo, e)) is a compact set of f(B(xo, t-z)). In particular, f(B(xo, r±)) fl df(B(xo, e)) = 0. 
Let as above, R = G \ (Co U Ci) and i?* = i? U C U Ci, then R* := G. Let us remark that cr 
separates Co from Ci in R* = G. Indeed, we have that a fl R is closed in i?, besides of that, 
let A := C \ f(B(xo,e)) and E = f(B(x ,e)), then A and E are open in G \ a, C C A, 
C x C 5 and C \ a = A U B. 

Let S be a family of all sets which separate Co from C\ in G. Since for open map- 
pings df(G) C f{dG) whenever G is a compact subdomain of D, we have df(B(xo,r)) C 
df(B(x ,r)) whenever r G (0, dist (x ,9-D)). 

r2 . r2 

Let p G adm |J f(S(xo,r)) in the sense of ( II. ip . the also p™" 1 G adm |J f(S(xo,r)) in 

r=n r=r\ 

. T2 

the sense of (12. 4p . Since df(B(x , r)) C df(B(x , r)), we obtain p n ~ 1 G adm |J df(B(x Q ,r)) 
and, consequently, by (12. 3p we obtain 

M(£)<m( Q/(S(x ,r))) . (3.1) 



However, by (T23]) and (T2"^|) . 

M(S) = (M(T(C ,C 1 ,GW/(^) • (3 - 2) 

Let be a family of curves for a condenser /(E) in the notions of the Proposition 12. 1} 

then T m C T{C Q ,C U (T) and r /(JS) < r^C^C), so M{Y m ) = M(T(C ,C 1 ,G)). From 
(13. 2 p and Proposition 12.11 we obtain that 

M"- 1 (S) = (3.3) 

cap /(E) 



Finally, from (13. ip and (13 .3p we obtain the inequality 

1 

m( (J f(S(xo,r)) 



cap /(E) < , 1 • ( 3 - 4 ) 



By Lemma [2. 2^ from (13.4)) we get 

cap /(E) < 

that is desired relation. □ 



n-l ~~ r*n— 1 

T2 



dr 



IQIIn-i(r) 

in 
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4 Connection between Orlicz-Sobolev classes and lower 
Q— mappings 

Following Orlicz, given a convex increasing function (p : [0, oo) — > [0, oo), <f{0) = 0, denote 
by L v the space of all functions / : D — > R such that 



J v O^^j dm(x) < oo 

D 



for some A > 0. The class L v is called the Orlicz space. If <p(t) = t p , then we write also L p . 
In other words, L v is the cone over the class of all functions g : D — > R such that 

<p(\g(x)\) dm(x) < oo 



D 

which is also called the Orlicz class. 

The Orlicz-Sobolev class W^(D) is the class of locally integrable functions / given in 
D with the first distributional derivatives whose gradient V/ belongs locally in D to the 
Orlicz class. Note that by definition C W lo ' c . As usual, we write / £ if = t p , 

p > l.It is known that a continuous function / belongs to if and only if / G ACL P , i.e., 
if / is locally absolutely continuous on a.e. straight line which is parallel to a coordinate 
axis, and if the first partial derivatives of / are locally integrable with the power p, see, e.g., 
in 1.1.3]. 

Later on, we also write / £ for a locally integrable vector-function / = • • • , /m) 

of n real variables xi, . . . , x„ if /» £ VK lo ' c and 

<^ (| V/(x) I) dm(x) < oo 



where |V/(a;)| = (^") 2 - Note that in this 

paper we use the notation for more 

general functions Lp than in the classical Orlicz classes giving up the condition on convexity 
of (p. Note also that the Orlicz-Sobolev classes are intensively studied in various aspects at 
present. 

Recall that a mapping / between domains D and D' in K n , n > 2, is called of finite 
distortion if / £ W lo ' c and 

ii/V)ir (4-i) 

with a.e. finite function K where ||/'(x)|| denotes the matrix norm of the Jacobian matrix 
/' of / at x £ D, \\f'(x)\\ = sup ' ^1) an d — det/'(a;) is its Jacobian. 



l n ,\h\=l 

Later on, we use the notation Kf(x) for the minimal function K(x) > 1 in (14. ip . i.e., we set 
K f (x) = \\f'(x)\\ n /J f (x) if J j{x) ± 0, Kf{x) = 1 if f'(x) = and K f (x) = oo at the rest 
points. 
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Given a mapping / : D — > M. n , a set E C D and y G M. n , we define a multiplicity function 
N(y, f, E) as a number of the preimages of y in E, i.e. iV(y, /, E) = card {i6£: f(x) = y} , 
N(f,E) = sup N{y,f,E). 

The following result give some possibilities for the investigation of the Orlicz-Sobolev 
mappings with branching. In particular, we deal with the investigation of the open discrete 
mappings of the class W l( ^ c . 

Theorem 4.1. Let D be a domain in MJ 1 , n > 2. If n = 2, then each open discrete 
mapping f : D — )■ W 1 of finite distortion in the class is a lower Q-mapping at every 

point xq G D with Q{x) = N(f, D) ■ Kf(x). Let if : (0, oo) — > 0, oo) be nondecreasing with 
the condition 

OO 1 

dt < oo . (4.2) 
i 

If n > 3, then every open discrete Q-mapping f : D — > M. n of finite distortion in the class 
Wfa? is a lower Q-mapping at every point xq G D with Q(x) = N(f, D) ■ Kf(x). 

Proof. Note that / is differentiable almost everywhere, see [TO] Theorem 2.1] at n > 3 
and [11, Theorem 3.1,§ 3, Ch. Ill] and [12, section III.5, Ch. V] at n = 2. Let B be a (Borel) 
set of all points x G D where / has a total differential f'{x) and J/(x) 7^ 0. Then, applying 
Kirszbraun's theorem and uniqueness of approximate differential, see e.g. in [1] 2.10.43 and 
3.1.2], we see that B is the union of a countable collection of Borel sets Bi, I — 1,2, ... , such 
that fi = f\s l are bi-Lipschitz homeomorphisms, see [TJ 3.2.2, 3.1.4 and 3.1.8]. With no loss 
of generality, we may assume that the Bi are mutually disjoint. Denote also by B* the set 
of all points x G D where / has the total differential but with f'(x) = 0. 

By the construction the set Bq := D\(B[JB*) has Lebesgue measure zero. Hence by 
[3] Theorem 9.1], iJ" _1 (i?o D S r ) = for almost every sphere S r := S(xq,t) centered at 
Xq G D, were "almost every" is understood in the sense of conformal modulus of the family 
of surfaces. By Lemma [2.11 if n_1 (i?o PI S r ) = for almost every rGl. 

Let us consider a case n = 2. Let us consider the division of the set D* := B(xq, Eq) fl D \ 

{x }, < e < d = sup \x— Xq\, by countable number of spherical segments A k , k = 1, 2, . . . . 

xeD 

Let iff. be auxiliary quasiisometry which maps the Ak onto some rectangular Ak such that 
the arcs of the spheres are mapped onto the straight segments under which. Let us consider 
the family of mappings Qk = f V 9 ^ 1 ) 9k '■ ^-k — > Let us remark that gt G VF lo ' c , see 
[9] section 1.1.7], and gu G ACL, see |9] section 1.1.3]. Since absolute continuity on fixed 
straight segment implies iV-property with respect to 1-dimensional Lebesgue measure, see 
[U section 2.10.13], we get that H 1 (f(B fl Ak fl S r )) = and, by subadditivity of Hausdorff 
measure, H 1 (f(Bo fl S r )) = for almost every r G M.. 

Follow, let us show that H 1 {f{B Je fl S r )) = for almost every r G R. Indeed, let ip^, gk 
and Ak be as above, Ak = {z G C : z = re llf , r G (r^-i, rj.), ip G (^fc-i, fk)}, and let Sk{r) be 
a part of the sphere S(xq,t) lying in the spherical segment Ak, i.e., Sfc(r) = {z G C : z = 
re ltp , p G ((pk-ii (Pk)}- By construction, ipk maps Sk(r) on the segment I(k, r) = {z G C : z = 
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r + te,tE (ipk-i,ipk),e = (0,1)}- Applying [1, Theorem 3.2.5], we obtain that 
H 1 {g k { ( p k {B*r\S k {r))))= J |^(r + te)\dt = 

ip k (B,nS k (r)) 

for almost every r G (r / t_i,r / t). Consequently, H 1 (gk((pt.(B* PI Sfc(r)))) = for almost every 
r G (rjfc_i,rjfc). It follows from above that H 1 {f{B if fl Sfc(r))) = for almost every r 6 
(rfc_i,rfc). By subadditivity of the Hausdorff measure, H l (f(B* fl S r )) = for almost every 
r G R, that is desired conclusion. 

Suppose that n > 3. By [TUj Corollary 3.3], from the condition H n ~ 1 (Bo fl S r ) = for 
almost every r G R we obtain that H n ~ 1 (f(B n SV)) = for almost every r G R. Follow, by 
[TU| Corollary 3.3] we also have that H n ~ 1 {f{B^ fl 5 r )) = for almost every r G R. 

Let T be the family of all intersections of the spheres S r , r G (e, £q), Eq < do = sup \x— xq\, 

with the domain D. Given p* G adm/(r), p* = outside of f(D), set p = outside of D 
and on Bq, 

p(x) : = p,(/(ar))||/'(ar)|| for x G L> \ B . 
Given £>* G f(T), S* = f(S r ), let us remark that 

oo 
i=0 

and, consequently, for a.e. r G (0, £ ) 



« OO p 

1 < y P r\y)dA* <J2 J p:- 1 (y)N(f(S r nB l ),y)dH n - 1 y+ 



(4.3) 



+ y P :- 1 (y)N(f(S r nB^,y)dH n - 1 y. 
f{S r nB*) 

From the proving above, we get from (14. 3[) that 

» OO „ 

1 < y pr X (y)dA < E y Pr^MW n B l ),y)dH^ 1 y (4.4) 

■SV* l=1 /(SrnBi) 

for a.e. r G (0,£o)- Arguing piecewise on Sj, z = 1,2, . . ., we have by [U 1.7.6 and Theo- 
rem 3.2.5] that 

J p n ~ 1 dA= J P r\f{x))\\f\x)\\ n - 1 dA = 

B{OS r BiOSr 

= / rvwj-^l^^Ms / *-'(/(«» -§£<u= 

BiC\S r B^OSr 

P :~ 1 N(f(S r nB l ),y)dH n - 1 y (4.5) 



/(B«ns r ) 
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for a.e. r G (0,£o)- It follows from ( 14. 4 p and (14. 5 p that p G extadmr. 

The change of variables on each B\, I = 1, 2, . . . , see e.g. (TJ Theorem 3.2.5], and countable 
additivity of integrals give the estimate 

/ K^) dm{x) ~ J N (f,D)- P :{y)dm{y) 

D f }{D) 

and the proof is complete. □ 

The following statement directly follows from Lemma [3. II and Theorem 14.11 

Corollary 4.1. Let D be a domain in W 1 , n > 2. If n = 2, then each open discrete 
mapping f : D — > W 1 of hnite distortion in the class W lo ' c is a ring Q-mapping at every 
point x G D with Q(x) = N(f,D) ■ Kf(x). Let <p : (0, oo) — >■ (0, oo) be nondecreasing 
with the condition ( 14.2)) . If n > 3, then every open discrete Q-mapping f : D — >■ M. n 
of finite distortion in the class is a ring Q-mapping at every point Xq G D with 

Q(x) = (N(f 1 D)-K f (x)r- 1 . 

5 Applications to equicontinuous (normal) classes of map- 
pings 

Given a set E C M. n of positive capacity, let us define by %\.,p,Q,N,E the family of the open 
discrete mappings of Orlicz-Sobolev class f : D —¥ R n \ E with finite distortion such that 
N(f, D) < N, K n f X < Q{x) a.e. and (p satisfies the (Q. Follow, given a set E C C let us 
define by $q.n,e the family of the open discrete mappings of Sobolev class / : D — > C \ E 
with finite distortion such that N(f, D) < N and Kf < Q{x) a.e. Taking into account 
the result of the work [13J, see Theorem 5.1 and 5.2 here, as well as |14l Theorem 2 and 
Corollary 1], we obtain the following. 

Theorem 5.1. Classes iSH^^^.s an d $q,n.e are equicontinuous (normal) families of 
mappings provided that at least one of the following conditions take a place: 

1) Q G FMO(xq); 2) q xo {r) < C ■ (log^) n_1 , where C > is some positive constant and 
q Xo {r) is the integral average of Q(x) under the sphere S(xo,r); 3) 

£0 

f dt 

/ zn — = 00 

for some e = £q(xo), where q Xo (r) as above. 
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